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Abstract
The quantization of the superclassical system used in the proof of
the index theorem results in a factor of h¯
2
8 R in the Hamiltonian. The
path integral expression for the kernel is analyzed up to and including
2-loop order. The existence of the scalar curvature term is confirmed
by comparing the linear term in the heat kernel expansion with the
2-loop order terms in the loop expansion.
1
1 Introduction
In [1], a supersymmetric proof of the twisted spin index theorem is presented.
There, the Peierls bracket quantization is applied to the following supersym-
metric Lagrangian:
L =
[
1
2gµν x˙
µ x˙ν + i2gǫγ ψ
ǫ
(
ψ˙γ + x˙µΓγµθψ
θ
)]
+ (1)
+κ
[
iηa∗
(
η˙a + x˙σAabσ η
β
)
+ 12F
ab
ǫγ ψ
ǫψγηa∗ηb
]
+
+α
β
ηa∗ηa .
The classical “momenta” are defined by:
pµ := gµν x˙
ν . (2)
The Peierls bracket quantization leads to the quantization of the supersym-
metric charge:
Q = 1√
h¯
ψν g
1
4 pνg
− 1
4 . (3)
The quantum mechanical Hamiltonian is then given by:
H = Q2 = 12g
− 1
4pµg
1
2gµνpνg
− 1
4 + h¯
2
8 R− κ2F abǫγ ψǫψγηa∗ηb . (4)
The fact that Q is identified with the (twisted) Dirac operator,
Q ≡6D , (5)
defines H uniquely.
Reducing (1) to a purely bosonic system, i.e. setting ψ = η = η∗ = 0,
one arrives at the Lagrangian for a free particle moving on a Riemannian
manifold 1. Equation (4) is in complete agreement with the analysis of the
reduced system presented in [2]. There, the Hamiltonian was defined by
requiring a particular factor ordering, namely by the time ordering [2, §6.5].
Furthermore, it was shown in [2, §6.6] that the term h¯2
8
R in the Hamiltonian
contributed to the kernel:
K(x′; t′′|x′; t′) := 〈x′′ = x′; t′′|x′; t′〉 , (6)
1In this paper the case of closed and simply connected Riemannian manifolds is
considered.
2
a factor of
− ih¯224 R(x′) (t′′ − t′) . (7)
This was obtained using the heat kernel expansion of (6). The quantity: (7)
is the linear term in the heat kernel expansion. In [2, §6.6], the 2-loop terms
were computed. It was shown that indeed the loop expansion validates the
existence of h¯
2
8
R term. The presence of the scalar curvature factor in the
Schro¨dinger equation is discussed in [3]. For further review see, [4, 5] and
references therein.
The present paper is devoted to the 2-loop analysis of the path inte-
gral formula for the kernel defined by the quantization of (1). It is shown
that indeed the path integral used in the derivation of the index formula,
[1], corresponds to the Hamiltonian given by (3). This serves as an impor-
tant consistency check for the supersymmetric proof of the index theorem
presented in [1].
In Section 2, the loop expansion is reviewed and the relevant 2-loop terms
for the system of (1) are identified. In Sections 3 and 4, the 2-loop calculations
are presented for the spin (κ = α = 0) and twisted spin (κ = 1) cases,
respectively.
To avoid redundancy, the results of the first part [1] are used freely. As
in [1], the Latin indices label η’s, the indices from the first and the second
halves of the Greek alphabet label ψ’s and x’s, respectively 2. The condensed
notation of [2] is also employed. Finally, the following choices are made:
h¯ = 1 , β := t′′ , and t′ = 0 .
2 The Loop Expansion
Let Φi denote the coordinate (field) variables of a superclassical system.
Then, if the Lagrangian is quadratic in Φ˙’s, one has [2, §5]:
K(Φ′′, t′′|Φ′, t′) := 〈Φ′′, t′′|Φ′, t′〉 = Z
∫ Φ′′,t′′
Φ′,t′
eiS[Φ](sdetG+[Φ])−
1
2DΦ . (8)
In the loop expansion of (8), one expands Φ around the classical paths Φ0.
Defining φ by:
Φ(t) =: Φ0(t) + φ(t) ,
2ψ’s are labelled by γ, δ, ǫ, θ, η.
3
one obtains:
K(Φ′′, t′′|Φ′, t′) = Z (sdetG+0 )−
1
2 eiS0
∫
e
i
2
φi i,S0,jφ
j{ 1 + (9)
+ i24S0,ijkl φ
lφkφjφi − 172S0,ijk S0,lmn φnφmφlφkφjφi +[
− i24
(
ǫ1 S0,ijkS0,lmnG
+nm
0 + ǫ2 S0,mniG
+nm
0 S0,jkl
)
φlφkφjφi+
+18ǫ3 S0,jkiG
+kj
0 S0,mnlG
+nm
0 φ
lφi
]
+ · · ·}Dφ ,
where,
ǫ1 := (−1)m(l+1)+ln , ǫ2 := (−1)m(i+1)+in , and ǫ3 := (−1)j(i+1)+m(l+1)+k+ln .
In (9), G+ is the advanced Green’s function for the Jacobi operator:
( i,S,j′ ) :=

 →δ
δΦi(t)
S[Φ]
←
δ
δΦj(t′)

 . (10)
The subscript “0” indicates that the corresponding quantity is evaluated at
the classical path, e.g. G+ij0 := G
+ij [Φ0]. Finally, “· · ·” are 3 and higher loop
order terms.
To evaluate the right hand side of (9), one needs to perform the following
functional Gaussian integrals:
∫
e
i
2
φi i,S0,jφ
jDφ = c (sdetG) 12∫
e
i
2
φi i,S0,jφ
j
φkφlDφ = −ic (sdetG) 12 Gkl (11)∫
e
i
2
φi i,S0,jφ
j
φkφlφmφnDφ = (−i)2c (sdetG) 12
(
GklGmn ± permu.
)
∫
e
i
2
φi i,S0,jφ
j
φkφlφmφnφpφq Dφ = (−i)3c(sdetG) 12
(
GklGmnGpq ± permu.
)
.
In (11), “G” is the Feynman propagator, “permu.” are terms obtained by
some permutations of the indices of the previous term, “±” depends on the
“parity” of φ’s appearing on the left hand side, and “c” is a possibly infinite
constant of functional integration. The functional integrals in (8) and (11)
are taken over all paths with fixed end points:
φ′′ := φ(t′′) = 0 and φ′ := φ(t′) = 0 .
4
This justifies the appearence of G in (11).
One must realize that the terms in square bracket in (9) originate from
the expansion of (sdetG+)−
1
2 in (8). For the system under consideration (1),
it was shown in [1, Sec. 5] that
sdet(G+) = 1 for: x′′ = x′. (12)
This simplifies the computations of Sections 3 and 4 considerably. In view
of (12), the square bracket in (9) drops and (9) reduces to:
K = KWKB
{
1− i24 S0,ijkl
(
GlkGji ± permu.
)
+ (13)
+ i72 S0,ijkS0,lmn
(
GnmGlkGji ± permu.
)
+ · · ·
}
,
where,
KWKB := Zc e
iS0(sdetG)
1
2 (14)
is the “WKB” approximation of the kernel. In Sections 3 and 4, the terms:
I := S0,ijkl
(
GlkGji ± permu.
)
(15)
J := S0,ijkS0,lmn
(
GnmGlkGji ± permu.
)
are computed explicitly. They correspond to the following Feynman dia-
grams:
I ≡ ©© and J ≡⊖ .
3 2-Loop Calculations for the Case: κ = α =
0
For κ = α = 0, the dynamical equations [1, eq. 28] are solved by [1, eq. 90]:
x0(t) = x0 , ψ0(t) = ψ0 . (16)
As in [1], all the computations will be performed in a normal coordinate
system centered at x0. Since K and KWKB in (13) have the same tensorial
properties, the curly bracket in (13) must be a scalar. This justifies the use
of the normal coordinates.
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The Feynman propagator is given by [1, Sec. 6]:
Gπξ
′
= gπµ0
[
θ(t− t′)(e
R(t−β) − 1)(1− e−Rt′)
R(1− e−Rβ) + (17)
θ(t′ − t)(e
Rt − 1)(1− e−R(t′−β))
R(eRβ − 1)
]ξ
µ
Gπδ
′
= Gγξ
′
= 0 (18)
Gγδ
′
= i2g
γδ
0 [θ(t− t′)− θ(t′ − t)] (19)
where,
R = (Rµτ ) = (gµν0 Rτν) :=
(
i
2g
µν
0 R0τνδθψ
δ
0ψ
θ
0
)
. (20)
The functional derivatives of the action which appear in (15) are listed
below:
S0,τπ′ρ′′ = Rτπ,ρ
[
∂
∂t
δ(t− t′)
]
δ(t− t′′)+Rρτ,π δ(t− t′)
[
∂
∂t
δ(t− t′′)
]
S0,τπ′ǫ′′ = iR0τπγǫψ
γ
0
[
∂
∂t
δ(t− t′)
]
δ(t− t′′)+ iΓ0,ǫγτ,πψγ0 δ(t− t′)
[
∂
∂t
δ(t− t′′)
]
S0,τγ′ǫ′′ = S0,ǫγ′η′′ = 0
S0,τπ′ρ′′κ′′′ =
{
−g0τπ,ρκ
[
∂2
∂t2
δ(t− t′)
]
δ(t− t′′)δ(t− t′′′)+ (21)
−g0τρ,κπ δ(t− t′)
[
∂2
∂t2
δ(t− t′′)
]
δ(t − t′′′)+
−g0τκ,πρ δ(t − t′)δ(t− t′′)
[
∂2
∂t2
δ(t− t′′′)
]}
1
+{
−2Γ0τπρ,κ
[
∂
∂t
δ(t− t′)
] [
∂
∂t
δ(t− t′′)
]
δ(t− t′′′)+
−2Γ0τρκ,π δ(t− t′)
[
∂
∂t
δ(t− t′′)
] [
∂
∂t
δ(t − t′′′)
]
+
−2Γ0τκπ,ρ
[
∂
∂t
δ(t− t′)
]
δ(t− t′′)
[
∂
∂t
δ(t− t′′′)
]}
2
+{
Rτπ,ρκ
[
∂
∂t
δ(t− t′)
]
δ(t− t′′)δ(t − t′′′)+
+Rτρ,κπ δ(t− t′)
[
∂
∂t
δ(t − t′′)
]
δ(t− t′′′)+
+Rτκ,π,ρ δ(t− t′)δ(t − t′′)
[
∂
∂t
δ(t− t′′′)
]}
3
+{
i(Γ0µγτΓ
0µ
ǫπ ),ρκψ
γ
0ψ
ǫ
0
[
∂
∂t
δ(t− t′)
]
δ(t− t′′)δ(t − t′′′)+
+i(Γ0µγτΓ
µ
0ǫρ),κπψ
γ
0ψ
ǫ
0 δ(t− t′)
[
∂
∂t
δ(t− t′′)
]
δ(t− t′′′)+
+i(Γ0µγτΓ
µ
0ǫκ),πρψ
γ
0ψ
ǫ
0 δ(t− t′)δ(t− t′′)
[
∂
∂t
δ(t− t′′′)
]}
4
6
S0,τπ′ǫ′′γ′′′ = iR0τπγǫ
[
∂
∂t
δ(t − t′)
]
δ(t − t′′)δ(t− t′′′)+
+iΓ0ǫγτ,π δ(t− t′)
[
∂
∂t
δ(t− t′′)
]
δ9t− t′′′)+
−iΓ0γǫτ,π δ(t− t′)δ(t − t′′)
[
∂
∂t
δ(t− t′′′)
]
S0,ǫγ′η′′δ′′′ = 0
where the indices are placed on some of the curly brackets for identifica-
tion purposes. S0,τπ′ρ′′ǫ′′′ and S0,τǫ′γ′′η′′′ are omitted because, as will be seen
shortly, they do not contribute to (15).
In view of (18), one needs to consider only the following terms:
I1 := S0,τπ′ρ′′κ′′′
[
Gτπ
′
Gρ
′′κ′′′ +Gτρ
′′
Gπ
′κ′′′ +Gτκ
′′′
Gπ
′ρ′′
]
= 3S0,τπ′ρ′′κ′′′G
τπ′Gρ
′′κ′′′
I2 := S0,τπ′ǫ′′γ′′′ G
τπ′Gǫ
′′γ′′′ (22)
J1 := S0,τπ′ρ′′ S0,µ′′′νıvσv G
τπ′Gρ
′′µ′′′Gν
ıvσv
J2 := S0,τπ′ǫ′′ S0,µ′′′νıvγv G
τπ′Gǫ
′′γvGµ
′′′νıv ,
where,
I = I1 + 6I2 . (23)
Here, 6 is a combinatorial factor and J is a linear combination of J1 and J2.
Calculation of I1 and I2
Let us denote by I1.α the terms in I1 which correspond to { }α in S0,τπ′ρ′′κ′′′ ,
with α = 1, 2, 3, 4. The computation of I1.α is in order. One has:
I1.1 := 3
∫ β
0
dt
∫ β
0
dt′
(
−g0τπ,ρκ
[
∂2
∂t2
δ(t− t′)
]
Gτπ
′
Gρκ
)
+
3
∫ β
0
dt
∫ β
0
dt′′
(
−g0τρ,κπ
[
∂2
∂t2
δ(t− t′′)
]
GτπGρ
′′κ
)
+
3
∫ β
0
dt
∫ β
0
dt′′′
(
−g0τκ,πρ
[
∂2
∂t2
δ(t− t′′′)
]
GτπGρκ
′′′
)
= −3
∫ β
0
dt ([g0τπ,ρκ + 2g0πρ,τκ] G
ρκIτπ) (24)
= 3
∫ β
0
dt (R0πτρκG
ρκIτπ)
= 0 .
7
In (24),
Iτπ :=
∫ β
0
dt′
[
∂2
∂t
′2
δ(t− t′)Gτπ′
]
, (25)
and the third and forth equalities are established using [6, p. 56]:
g0µν,στ = −13 (R0µσντ +R0νσµτ ) , (26)
and
Gρκ = Gκρ . (27)
Next, we compute:
I1.2 := −6Γ0τπρ,κ
∫ β
0
dt
∫ β
0
dt′
∫ β
0
dt′′
([
∂
∂t
δ(t− t′)
]
∂
∂t
[δ(t− t′′)]Gτπ′Gρ′′κ
)
+
−6Γ0τρκ,π
∫ β
0
dt
∫ β
0
dt′′
∫ β
0
dt′′′
([
∂
∂t
δ(t− t′)
]
∂
∂t
[δ(t− t′′′)]GτπGρ′′κ′′′
)
+
−6Γ0τκπ,ρ
∫ β
0
dt
∫ β
0
dt′
∫ β
0
dt′′′
([
∂
∂t
δ(t− t′)
]
∂
∂t
[δ(t− t′′′)]Gτπ′Gρκ′′′
)
= −12Γ0τπρ,κ
∫ β
0
dt
(
∂
∂t′
Gτπ
′
∣∣∣∣∣
t′=t
∂
∂t′′
Gρ
′′κ
∣∣∣∣∣
t′′=t
)
+ (28)
−6Γ0τρκ,π
∫ β
0
dt
(
Gτπ
∂2
∂t′′∂t′′′
Gρ
′′κ′′′
∣∣∣∣∣
t′′=t′′′=t
)
.
To evaluate the right hand side of (28), one needs the following relations:
∂
∂t′′
Gρ
′′κ
∣∣∣∣∣
t′′=t
=
∂
∂t′
Gρκ
′
∣∣∣∣∣
t′=t
= 12g
ρν
0
[
1 + eRβ − 2eRt
1− eRβ
]κ
ν
(29)
∂2
∂t′∂t
Gκρ
′
∣∣∣∣∣
t′=t
= −12gκµ0
[R(1 + eRβ)
1− eRβ
]ρ
µ
, (30)
and [6, p. 55]:
Γ0τπρ,κ = −13 (R0τπρκ +R0τρπκ) . (31)
Equations (29) and (30) are obtained by differentiating (17), using symme-
tries of R and:
θ(0) := 12 . (32)
8
Combinning equations (28)-(31) and using (17), one obtains:
I1.2 = (R0τπρκ +R0τρπκ)×∫ β
0
dt

gπµ0
[
1 + eRβ − 2eRt
1− eRβ
]τ
µ
g
ρν
0
[
1 + eRβ − 2eRt
1− eRβ
]κ
ν

+ (33)
− (R0τρκπ +R0τκρπ)×∫ β
0
dt

gτν0
[
eRβ − eRt − e−R(t−β) + 1
R(1− eRβ)
]π
ν
g
κµ
0
[R(1 + eRβ)
1− eRβ
]ρ
µ


To identify the terms in (33) which are linear in β, one may recall that for
every integral
I(β) :=
∫ β
0
dt f(β, t) ,
with an analytic integrand in both t and β, the linear term in β is given by:

 ∂
∂β
∣∣∣∣∣
β=0
I(β)

 β = f(β = 0, t = 0) β . (34)
Thus, one needs to examine the integrands in (33). This leads to
I1.2 = (R0τπρκ +R0τρπκ) g
πτ
0 g
ρκ
0 β +O(β
2) = R0β +O(β
2) , (35)
where, R0 is the Ricci scalar curvature evaluated at x0.
Next step is to compute:
I1.3 := 3
(
Rτπ,ρκ
∫ β
0 dtG
ρκ ∂
∂t′
Gτπ
′
∣∣∣
t′=t
++Rτρ,κπ
∫ β
0 dtG
τπ ∂
∂t′′
Gρ
′′κ
∣∣∣
t′′=t
+
Rτκ,πρ
∫ β
0 dtG
τπ ∂
∂t′′′
Gρκ
′′′
∣∣∣
t′′′=t
)
.
This is done by using (29) and (34). The result is:
I1.3 = O(β
2) . (36)
The computation of I1.4 is similar. Again, one obtains:
I1.4 = O(β
2) . (37)
9
This completes the calculation of I1. Combinning (24), (35), (36), and (37),
one has:
I1 = R0β +O(β
2) . (38)
The computation of I2 is straightforward. Substituting (19) and (21) in
(22), one has:
I2 =
∫ β
0
dt
∫ β
0
dt′
∫ β
0
dt′′
∫ β
0
dt′′′ [Xτπγǫ(t, t′, t′′, t′′′) Yτπγǫ(t, t′, t′′, t′′′)] ,
where,
Xτπγǫ := iR0τπγǫ
[
∂
∂t
δ(t − t′)
]
δ(t− t′′)δ(t− t′′′)+
+iΓ0ǫγτ,πδ(t− t′)
[
∂
∂t
δ(t − t′′)
]
δ(t − t′′′)+
−iΓ0γǫτ,πδ(t − t′)δ(t− t′′)
[
∂
∂t
δ(t− t′′′)
]
Yτπγǫ := −14Gτπ
′
g
ǫγ
0 [θ(t
′′ − t′′′)− θ(t′′′ − t′′)] .
Since X is antisymmetric in (γ ↔ ǫ) and Y is symmetric in (γ ↔ ǫ), I2
vanishes. This together with (23) and (38) lead to:
I = R0β +O(β
2) . (39)
Calculation of J1 and J2
Substituting (21) in (22) and peforming the integrations which involve δ-
functions, one obtains:
J1 =
∫ β
0
dt
∫ β
0
dt′′′
(
Rτπ,ρRµν,σ ∂
∂t′
Gτπ
′
∣∣∣∣∣
t′=t
∂
∂tıv
Gν
ıvσv
∣∣∣∣∣
tıv=tv=t′′′
Gρµ
′′′
+
+Rτπ,ρRσµ,ν ∂
∂t′
Gτπ
′
∣∣∣∣∣
t′=t
∂
∂tv
Gν
ıvσv
∣∣∣∣∣
tıv=tv=t′′′
Gρµ
′′′
+
+Rρτ,πRµν,σ ∂
∂t′′
Gρ
′′µ′′′
∣∣∣∣∣
t′′=t
∂
∂tıv
Gν
ıvσv
∣∣∣∣∣
tıv=tv=t′′′
Gτπ + (40)
+Rρτ,πRσµ,ν ∂
∂t′′
Gρ
′′µ′′′
∣∣∣∣∣
τ ′′=t
∂
∂tv
Gν
ıvσv
∣∣∣∣∣
τ ıv=tv=t′′′
Gτπ
)
=
∫ β
0
dt
∫ β
0
dt′′′ (Rτπ,ρ(Rµν,σ +Rνµ,σ) [· · ·] +Rρτ,π(Rµν,σ +Rνµ,σ) [· · ·])
= 0
10
In (40), the second equality is obtained by rearranging the indices and using
(29). The terms [· · ·] involve G’s and their time derivatives. The last equality
is established using the antisymmetry of R:
Rµν = −Rνµ . (41)
The computation of J2 is a little more involved. Carrying out the inte-
grations involving δ-functions, one can write J2 in the following form:
J2 =
4∑
α
J2.α , (42)
where,
J2.1 := −R0τπδǫR0µνηγ ψδ0ψη0 ×∫ β
0
dt
∫ β
0
dt′′′
(
∂
∂t′
Gτπ
′
∣∣∣∣∣
t′=t
∂
∂tıv
Gµ
′′′νıv
∣∣∣∣∣
tıv=t′′′
Gǫγ
′′′
)
(43)
J2.2 :=
1
3R0τπδǫ(R0γηµν +R0γµην)ψ
δ
0ψ
η
0 ×∫ β
0
dt
∫ β
0
dt′′′
(
∂
∂t′
Gτπ
′
∣∣∣∣∣
t′=t
∂
∂tv
Gǫγ
v
∣∣∣∣∣
tv=t′′′
Gµ
′′′ν′′′
)
(44)
J2.3 :=
1
3R0µνηγ(R0ǫδτπ +R0ǫτδπ)ψ
δ
0ψ
η
0 ×∫ β
0
dt
∫ β
0
dt′′′
(
∂
∂t′′
Gǫ
′′γ′′′
∣∣∣∣∣
t′′=t
∂
∂tıv
Gµ
′′′νıv
∣∣∣∣∣
tıv=t′′′
Gτπ
)
(45)
J2.4 := −19 [(R0ǫδτπ +R0ǫτδπ)(R0γηµν +R0γµην)] ψδ0ψ
η
0 ×∫ β
0
dt
∫ β
0
dt′′′

GτπGµ′′′ν′′′ ∂2
∂tv ∂t′′
Gǫ
′′γv
∣∣∣∣∣
t′′=t,tv=t′′′

 . (46)
In (44)-(46), use has been made of (31).
Consider the integrals (:=
∫ ∫
) in (43).
∫ ∫
is symmetric under the ex-
change of the pairs (τ, π)↔ (µ, ν). The term ψδ0ψη0 is antisymmetric in δ ↔ η.
Thus, the term (R.R) is antisymmetrized in ǫ ↔ γ. However, according to
(19), Gǫγ
′′′
involves gǫγ0 which is symmetric in ǫ↔ γ. This makes J2.1 vanish.
Furthermore, using (34) one finds out that J2.2 and J2.3 are at least of order
β2.
∫ ∫
in (46) is symmetric under τ ↔ π, µ↔ ν, and (µ, ν)↔ (τ, π). This
allows only the term R0ǫτδπR0γµην to survive in the square bracket in (46).
Moreover, this term is symmetrized in (µ, ν) ↔ (τ, π), or alternatively in
11
(ǫ, δ) ↔ (γ, η). Since ψδ0ψη0 is antisymmetric in δ ↔ η, the surviving term
which is multiplied by
∫ ∫
can be antisymmetrized in ǫ ↔ γ. However, due
to (19)
∫ ∫
is symmetric in these indices. Hence, J2.4 vanishes too.
This concludes the computation of the 2-loop terms in the case κ = α = 0.
Combinning (13), (15), (23), (39), (40), and (42), one finally obtains:
K = KWKB
{
1− i24R0β + O(β2)
}
. (47)
4 2-Loop Calculations for the Case: κ = 1
First, the following special case will be considered:
K˜ := 〈x, ψ, η∗ = 0|x, ψ, η = 0〉 . (48)
The dynamical equations, [1, eq. 28], are solved by [1, eq.’s 128]:
x0(t) = x0
ψ0(t) = ψ0 =
1√
β
ψ˜0 (49)
η0(t) = 0
η∗0 = 0 .
Following [1, Sec. 7], one chooses a normal coordinate system centered at x0.
The Feynman propagator is given by:
(
Gij
′
)
=


Gπξ
′
0 0 0
0 Gγδ
′
0 0
0 0 0 Gac
∗
′
0 0 Ga
∗c′ 0

 , (50)
where Gπξ
′
and Gγδ
′
are given by (17) and (19), respectively. Moreover, one
has [1, eq.’s 135 and 136]:
Gac
∗
′
=
[
i
2e
i(F+α
β
1n×n)(t−t′)
]ac
[θ(t− t′)− θ(t′ − t)]
Ga
∗c′ =
[
i
2e
i(F∗+α
β
1n×n)(t−t′)
]ac
[θ(t− t′)− θ(t′ − t)] .
(51)
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Here,
F =
(
Fab
)
:=
(
1
2F
ab
0ǫγψ
ǫ
0ψ
γ
0
)
,
and 1n×n is the n× n unit matrix.
The functional derivatives of the action which enter into the computation
of I and J , (15), are listed below 3:
S˜0,τπ′ξ′′ = S0,τπ′ξ′′|κ=α=0 (52)
S˜0,τπ′ǫ′′ = S0,τπ′ǫ′′|κ=α=0 (53)
S˜0,ǫγ′θ′′ = 0 = S˜0,ǫγ′θ′′δ′′′ (54)
S˜0,τπ′ξ′′ρ′′′ = S0,τπ′ξ′′ρ′′′ |κ=α=0 (55)
S˜0,τπ′γ′′ǫ′′′ = S0,τπ′γ′′ǫ′′′|κ=α=0 (56)
S˜0,τπ′c′′ = 0 = S˜0,τπ′c′′ (57)
S˜0,τγ′c′′ = 0 = S˜0.τγ′c∗′′ (58)
S,τa′c′′ = 0 = S,τa∗′c∗′′ (59)
S˜0,τa′c∗′′ = F ca,τ δ(t− t′) δ(t− t′′) (60)
S˜0,ǫγ′c′′ = 0 = S˜0,ǫγ′c∗′′ (61)
S,ǫc′d′′ = 0 = S,ǫc∗′d∗′′ (62)
S˜0,ǫc′d∗′′ = F
dc
0δǫψ
δ
0 δ(t− t′) δ(t− t′′) (63)
S˜0,τπ′ξ′′c′′′ = 0 = S˜0,τπ′ξ′′c∗′′′ (64)
S˜0,τπ′γ′′c′′′ = 0 = S˜0,τπ′γ′′c∗′′′ (65)
S,τπ′c′′d′′′ = 0 = S,τπ′c∗′′d∗′′′ (66)
S˜0,τπ′c′′d∗′′′ = iF
dc
0τπ
[
∂
∂t
δ(t− t′)
]
δ(t− t′′)δ(t − t′′′)+ (67)
−iAdc0τ,π δ(t− t′) ∂∂t [δ(t − t′′)δ(t− t′′′)]+ Fdc,τπ δ(t− t′)δ(t− t′′)δ(t − t′′′)
S˜0,τγ′ǫ′′c′′′ = 0 = S˜0,τγ′ǫ′′c∗′′′ (68)
S˜0,τγ′c′′d∗′′′ = F
dc
0ǫγ,τ δ(t− t′)δ(t− t′′)δ(t− t′′′) (69)
S˜0,ǫγ′c′′d∗′′′ = F
dc
0ǫγ δ(t− t′)δ(t− t′′)δ(t− t′′′) . (70)
Here, “ ˜ ” ’s are placed to indicate that the special case of (48) is under
consideration.
3The other terms are obtained from this list using the rules of changing the order of
differentiation.
13
Equations (52)-(56), indicate that the 2-loop contributions due to the
terms which involve only the Greek indices are the same as the case of
κ = α = 0, i.e. these terms contribute a factor of − i
24
R0β to the kernel.
Consequently, it is sufficient to show that the remaining 2-loop terms vanish.
Computation of the Terms of Type I
In view of (50) and (52)-(70), the following terms must be considered:
I˜1 := S˜0,τπ′c′′d∗′′′ G
τπ′Gc
′′d∗
′′′
(71)
I˜2 := S˜0,ǫγ′c′′d∗′′′ G
ǫγ′Gc
′′d∗
′′′
. (72)
Performing the integration overs δ-functions, one has:
I˜1 =
∫ β
0
dt
(
iF dc0τπ
∂
∂t′
Gτπ
′
∣∣∣∣∣
t=t′
Gcd
∗
+ (73)
−iAdc0τ,π Gτπ
[
∂
∂t′′
Gc
′′d∗
∣∣∣∣∣
t′′=t
+
∂
∂t′′′
Gcd
∗
′′′
∣∣∣∣∣
t′′′=t
]
+ Fdc,τπ GτπGcd
∗
)
.
The first and the last terms in the integrand of (73) vanish because according
to (51):
Gcd
∗
:= Gcd
∗
′
∣∣∣∣
t′=t
= 0 . (74)
Moreover, one has:
∂
∂t′
Gc
′d∗
∣∣∣∣∣
t′=t
= iδ(0)δcd = − ∂
∂t′
Gcd
∗
′
∣∣∣∣∣
t′=t
. (75)
Thus, the remaining terms cancel and one obtains:
I˜1 = 0 .
The computation of I˜2 is quite simple. Substituting (19), (51), (70) in (72)
and using (74), one finds:
I˜2 =
∫ β
0
dt
(
F dc0ǫγ G
ǫγGcd
∗
)
= 0 . (76)
The other terms of type I which involve Latin indices are proportional to I˜1
or I˜2 and hence vanish.
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Computation of the Terms of Type J
There are six different terms of type J which must be considered. These are:
J˜1 := S˜0,τπ′ξ′′S˜0,κ′′′cıvd∗v G
τπ′Gξ
′′κ′′′Gc
ıvd∗v
J˜2 := S˜0,τπ′ǫ′′S˜0,γ′′′cıvd∗v G
τπ′Gǫ
′′γ′′′Gc
ıvd∗v
J˜3 := S˜0,τa′b∗′′ S˜0,π′′′cıvd∗v G
τπ′′′Ga
′b∗
′′
Gc
ıvd∗v
J˜4 := S˜0,τab∗′ S˜0,π′′′cıvd∗v G
τπ′′′Ga
′d∗vGc
ıvb∗
′′
J˜5 := S˜0,ǫa′b∗′′ S˜0,γ′′′cıvd∗v G
ǫγ′′′Ga
′b∗
′′
Gc
ıvd∗v
J˜6 := S˜0,ǫa′b∗′′ S˜0,γ′′′cıvd∗v G
ǫγ′′′Ga
′d∗vGc
ıvb∗
′′
.
The following relations are useful in the computation of J˜ ’s. Using (74), one
has:
S˜0,κc′d∗′′ G
c′d∗
′′
= Fdc,κ Gcd
∗
= 0 (77)
S˜0,γc′d∗′′ G
c′d∗
′′
= F dc0δγψ
δ
0G
cd∗ = 0 . (78)
Equations (77) and (78) lead immidiately to:
J˜α = 0 for : α = 1, 2, 3, 5 . (79)
It remains to calculate J˜4 and J˜6. In view of (60) and (63), one has:
J˜4 = F ba,τ Fdc,π
∫ β
0
dt
∫ β
0
dt′′′Gτπ
′′′
Gad
∗
′′′
Gc
′′′b∗ (80)
J˜6 = F
ba
0δǫF
dc
0θγψ
δ
0ψ
θ
0
∫ β
0
dt
∫ β
0
dt′′′Gǫγ
′′′
Gad
∗
′′′
Gc
′′′b∗ , (81)
Using (34) and examining the integrands in (80) and (81), one finally arrives
at:
J˜α = O(β
2) for : α = 4, 6 . (82)
This concludes the 2-loop calculations for the special case of (49). For
this case the kernel is given by:
K˜ = K˜WKB
(
1− i24R0β + O(β2)
)
. (83)
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In the rest of this section, it is shown that the same conclusion is reached
even for the general case where η 6= 0 6= η∗, i.e. for
K := 〈x, ψ, η∗|x, ψ, η〉 .
In the general case, the dynamical equations [1, eq. 28] are solved by
[1, eq.’s 123, 153, & 154]:
x0(t) = x0 +O(β)
ψ0(t) =
1√
β
[
ψ˜0 +O(β)
]
(84)
ηa0(t) = O(1)
ηa∗0 (t) = O(1) .
It is easy to check that the terms in S0,···’s which involve η’s or η∗’s, and
thus survive in the general case, are all of higher order in β than the terms
considered above. Therefore, the contribution of these terms are of order β2
or higher. For instance,
S0,τπ′ρ′′ = S˜0,τπ′ρ′′ + Στπρ
where,
S˜0,τπ′ρ′′ = O(β
−4)
is given by (52), and
Στπρ :=
[
i(Aab0π,τ − Aab0τ,π),rηa∗0 ηb0 +−iAcd0τ,πρ(η˙c∗0 ηd0 + ηc∗0 η˙d0)+
+ i(Acd0σ,τ − Acd0τ,σ),πρx˙0σηc∗0 ηd0 + F,τπρηc∗0 ηd0
]
δ(t− t′)δ(t− t′′) +
+i(A0ρ,τ −A0τ,ρ),πδ(t− t′) ∂
∂t
[δ(t− t′′)]
= O(β−3) .
To determine the order of the terms in β, one proceeds as in [1, Sec. 7],
namely one makes the following change of time variable:
s :=
t
β
∈ [0, 1] . (85)
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For example, one has:
∂
∂t
δ(t− t′) = β−2 ∂
∂s
δ(s− s′) = O(β−2) .
The terms for which the above argument might not apply are those that
vanish identically in the special case of (49) but survive otherwise. These
are:
J7 := S0,τπ′c′′S0,ξ′′′ρıvd∗v G
τπ′Gξ
′′ρıvGc
′′d∗v
J8 := S0,τπ′c′′S0,ξ′′′ρıvd∗v G
τξ′′′Gπ
′ρıvGc
′′d∗v
J9 := S0,τγ′c′′S0,π′′′ǫıvd∗v G
τπ′′′Gγ
′ǫıvGc
′′d∗v
J10 := S0,ǫγ′c′′S0,δ′′′θıvd∗v G
ǫγ′Gδ
′′′θıvGc
′′d∗v
J11 := S0,ǫγ′c′′S0,δ′′′θıvd∗v G
ǫδ′′′Gγ
′θıvGc
′′d∗v .
However, one can easily show that the contribution of these terms to the
kernel is of the order β2. The following relations are useful:
S0,τπ′c′′ = O(β
−3) = S0,τπ′c∗′′
S0,τγ′c′′ = O(β
− 5
2 )
S0,ǫγ′c′′ = O(β
−2) = S0,ǫγ′c∗′′
Gτπ
′
= O(β)
Gγǫ
′
= O(1) = Gcd
∗
′
.
Furthermore, each integral:∫ β
0
dt · · · = β
∫ 1
0
ds · · ·
contributes a factor of β. Putting all this together, one finds out that
J7, · · · , J11 are all of order β2.
This concludes the 2-loop calculations for the general case of (84). The
final result is:
K = KWKB
[
1− i24R0β + O(β2)
]
. (86)
Equation (86) verifies the existence of the scalar curvature factor in the
Hamiltonian and provides a consistency check for the supersymmetric proof
of the Atiyah-Singer index theorem presented in [1].
It must be emphasized that the 2-loop term in (86) does not contribute
to the index formula [1, eq. 147]. This is simply because the ψ-integrations
in [1, eq. 87] eliminate such a term.
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5 Conclusion
The scalar curvature factor in the Schro¨dinger equation yields a factor of
− i
24
Rβ in the heat kernel expansion of the path integral. The loop expansion
provides an independent test of the validity of this assertion. In particular,
this factor is obtained in the 2-loop order. Thus, it is shown that indeed the
path integral used in the derivation of the index formula corresponds to the
Hamiltonian defined by the twisted Dirac operator.
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